The subgroup pattern of a finite group G is the table of marks of G together with a list of representatives of the conjugacy classes of subgroups of G. In this article we describe a collection of sequences realized by the subgroup pattern of the symmetric group.
Introduction
The table of marks of a finite group G was introduced by Burnside [2] . It is a matrix whose rows and columns are indexed by a list of representatives of the conjugacy classes of subgroups of G, where, for two subgroups H, K ≤ G the (H, K) entry in the table of marks of G is the number of fixed points of K in the transitive action of G on the cosets of H, (β G/H (K)). If H 1 , . . . , H r is a list of representatives of the conjugacy classes of subgroups of G, the table of marks is then the (r × r)-matrix M(G) = (β G/H i (H j )) i,j=1.,...,r .
In much the same fashion as the character table of G classifies matrix representations of G up to isomorphism, the table of marks of G classifies permutation representations of G up to equivalence. It also encodes a wealth of information about the subgroup lattice of G in a compact way. The GAP [4] library of tables of marks Tomlib [11] provides ready access to the tables of marks and conjugacy classes of subgroups of some 400 groups. These tables have been produced using the methods described in [8] and [7] . The data exhibited in later sections has been computed using this library. The purpose of this article is to illustrate how interesting integer sequences related to the subgroup structure of the symmetric group S n , and the alternating group A n , can be computed from this data. This paper is organized as follows. In Section 2 we study the conjugacy classes of subgroups of S n for n ≤ 13. In Section 3 we examine the tables of marks of S n for n ≤ 13 and describe how much more information regarding the subgroup structure of S n can be obtained. In Section 4 we discuss the Euler Transform and its applications in counting subgroups of S n .
Counting Subgroups
Given a list of representatives {H 1 , . . . , H r } of Sub(G)/G, the conjugacy classes of subgroups of G, we can enumerate those subgroups which satisfy particular properties. The numbers of conjugacy classes of subgroups of S n and A n are sequences A000638 and A029726 respectively in Sloane's encyclopedia [9] . The GAP table of marks library Tomlib provides access to the conjugacy classes of subgroups of the symmetric and alternating groups for n ≤ 13. Table 1 records the number of conjugacy classes of subgroups of S n which are abelian, cyclic, nilpotent, solvable and supersolvable (SupSol). A similar table for the conjugacy classes of subgroups of the alternating groups can be found in Appendix A. Solvable  SupSol  1  1  1  1  1  1  1  2  2  2  2  2  2  2  3  4  3  3  3  4  4  4  11  7  5  8  11  9  5  19  9  7  10  17  15  6  56  20  11  25  50  38  7  96  26  15  32  84  65  8  296  61  22  127  268  187  9  554  82  30  156  485  341  10  1593  180  42  531  1418  923  11  3094  236  56  648  2691  1789  12  10723  594  77  3727  9725  6118  13  20832  762  101  4221  18286 11616 Table 2 records the numbers of different orders O(S n ), O(A n ) of subgroups of S n and A n . One might as well also enumerate the number of "missing" subgroup orders, that is, the number, d(S n ), of divisors d such that d | |S n | but S n has no subgroup of order d. Table 3 records the number of missing subgroup orders of S n and A n for n ≤ 13. 1  1  2  2  1  3  4  2  4  8  5  5  13  9  6  21  15  7  31  22  8  49  38  9  74  59  10  113  89  11  139  115  12  216  180  13  268  226   Table 2 : Subgroup Orders 0  0  2  0  0  3  0  0  4  0  1  5  3  3  6  9  9  7  29  26  8  47  46  9  86  81  10  157  151  11  401  365  12  576  540  13 1316 1214 If in addition to a list of conjugacy classes of subgroups of G, the table of marks of G is also available, or can be computed, one can say quite a lot about the structure of the lattice of subgroups of G. We begin this section by giving some basic information about tables of marks and then go on to describe how we can count incidences and edges in the lattice of subgroups.
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n O(S n ) O(A n ) 1A218915 A218916 n d(S n ) d(A n ) 1
About Tables of Marks
Let G be a finite group and let Sub(G) denote the set of subgroups of G. By Sub(G)/G we denote the set of conjugacy classes of subgroups of G. For H, K ∈ Sub(G) let
denote the mark of K on H. This number depends only on the G-conjugacy classes of H and K. Note that β G/H (K) = 0 ⇒ |K| ≤ |H|. If H 1 , . . . , H r is a list of representatives of the conjugacy classes of subgroups of G, the table of marks of G is then the (r × r)-matrix
If the subgroups in the transversal are listed by increasing group order the table of marks is a lower triangular matrix. The table of marks M(S 4 ) of the symmetric group S 4 is shown in Figure 1 . As a matrix, we can extract a variety of sequences from the table of marks, the most obvious of which is the sum of the entries. The sum of the entries of M(S n ) for n ≤ 13 is shown in Figure 4 . We can also sum the entries on the diagonal to obtain the sequences in Figure 5 . We will now collect some elementary properties of tables of marks in Lemma 1.
Lemma 1. Let H, K ≤ G. Then the following hold: (i) The first entry of every row of M(G) is the index of the corresponding subgroup,
(ii) The entry on the diagonal is,
(iii) The length of the conjugacy class [H] of H is given by,
(iv) The number of conjugates of H which contain K is given by,
The following formula which follows trivially from Lemma 1 (iv) relates marks to incidences in the subgroup lattice of G.
(1)
As a first application of Formula 1 we obtain the following lemma which enables us to count the total number of subgroups of G.
Lemma 2. Given a list {H 1 , . . . , H r } of representatives of the conjugacy classes of subgroups of G, the total number of subgroups of G is
Proof. It follows from Formula 1 that for any subgroup H ≤ G,
is the length of the conjugacy class of H in G. Table 6 lists the total number of subgroups of S n and A n for n ≤ 13.
A029725
A005432 n A n S n  1  1  1  2  1  2  3  2  6  4  10  30  5  59  156  6  501  1455  7  3786  11300  8  48337  151221  9  508402  1694723  10 6469142  29594446  11 81711572  404126228  12 2019160542 10594925360  13 31945830446 175238308453   Table 6 : Total Number of Subgroups of A n and S n
Counting Incidences
Another immediate consequence of Formula 1 is that by dividing each row of the table of marks of G by its diagonal entry β G/H (H) we obtain a matrix C(G) describing containments in the subgroup lattice of G, where the (H, K)-entry is
(2) Figure 2 illustrates the containment matrix of the symmetric group S 4 . The conjugacy classes of subgroups of G are partially ordered by
Therefore we can easily obtain the incidence matrix, I(G), of the poset of conjugacy classes of subgroups of G by replacing each nonzero entry in C(G), (or M(G) ) by an entry 1. Figure 3 shows the incidence matrix I(S 4 ) of the poset of conjugacy classes of subgroups of S 4 . Table 7 lists the number of incidences in the poset of conjugacy classes of subgroups of A n and S n for n ≤ 13.
Lemma 4. The total number of incidences in the entire subgroup lattice of G is given by C(G).
Proof. For H, K ∈ Sub(G)/G the H, K entry in C(G) is the number of incidences between H, K in the subgroup lattice of G. Thus summing over the entries in C(G) yields the total number of incidences in the entire subgroup lattice of G. Table 8 records the number of incidences in the subgroup lattices of S n and A n for n ≤ 13.
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n S n A n  1  1  1  2  3  1  3  9  3  4  44  13  5  101  32  6  523  128  7  1195  330  8  6751  2309  9  16986  4271  10 87884  12468  11 248635 33329 12 1709781 196182 13 4665651 490137 
Counting Edges in Hasse Diagrams
The table of marks also allows us to count the number of edges in both the Hasse diagrams of the poset of conjugacy classes of subgroups and the subgroup lattice of G. Computing such data requires careful analysis of maximal subgroups in the subgroup lattice.
Formula 1 describes containments in the poset of conjugacy classes of subgroups looking upward through the subgroup lattice of G. But we can also view marks as containments looking downward through the subgroup lattice of G.
Proof. The total number of edges between the classes [H] G and [K] G can be counted in two different ways, as the length of the class times the number of edges leaving one member of the class. Thus
. Thus E ↑ (H, K) can be expressed in terms of marks.
Identifying Maximal Subgroups
It will be necessary, for the sections that follow, to identify for H i ∈ Sub(G)/G which classes H j ∈ Sub(G)/G are maximal in H i . 
The set of values ρ i are easily read off the table of marks of G by simply identifying the nonzero entries in the row corresponding to G/H i . Formula 3 is implemented in GAP via the function MaximalSubgroupsTom.
. . , H r } be a list of representatives of the conjugacy classes of subgroups of G. The number of edges in the Hasse diagram of the poset of conjugacy classes of subgroups of G is given by
Proof. By Lemma 6, Max(H i ) is a list of the positions of the maximal subgroups of H i up to conjugacy in G. In the Hasse diagram of the poset Sub(G)/G each edge corresponds to a maximal subgroup. Table 9 records the number of edges in the Hasse diagram of the poset of conjugacy classes of subgroups of S n and A n for n ≤ 13. In order to count the number of edges in the Hasse diagram of the entire subgroup lattice of G we appeal to Formula 1 and Lemma 5. 
. , H r } be as above. The total number of edges E(L(G)) in the Hasse diagram of the subgroup lattice of G is given by
Proof. By restricting E ↑ (H i , H j ) to those classes H i , H j which are maximal we obtain the number of edges connecting maximal subgroups of G. Table 10 records the total number of edges in the Hasse diagram of the subgroup lattice of S n and A n for n ≤ 13. 
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Maximal Property-P Subgroups
For any property P which is inherited by subgroups of G we can use the table of marks of G to enumerate the maximal property P subgroups of G.
Lemma 9. Let Sub(G)/G = {H 1 , . . . , H r } and let ρ = {i ∈ [1, . . . , r] : H i is a property P subgroup}. Then the positions of the maximal property P subgroups of G are given by
In Figure 5 the classes of maximal abelian subgroups of S 4 are boxed. 1  1  1  1  1  1  2  1  1  1  1  1  3  1  1  2  2  2  4  1  2  4  3  2  5  3  3  5  3  3  6  4  4  7  5  5  7  5  5  10  6  6  8  6  6  17  11  7  9  9  8  23  15  9  10  12  11  30  20  12  11  14  14  41  24  15  12  17  19  61  34  20  13  24  23  80  43  25   Table 11 : Maximal Property-P Subgroups of S n
Connected Subgroups and the Euler Transform
The conjugacy classes of subgroups of the symmetric group play an important role in the theory of combinatorial species as described in [6] . Permutation groups have been used to answer many questions about species. Every species is the sum of its molecular subspecies. These molecular species correspond to conjugacy classes of subgroups of Sym(n). Molecular species decompose as products of atomic species which in turn correspond to connected subgroups of Sym(n) in the following sense. It will be convenient to denote the symmetric group on a finite set X by Sym(X).
We allow H i = 1 when |Y i | = 1. We say that H is a connected subgroup of Sym(X) if the finest partition is X. Example 1. Let X = {1, 2, 3, 4} and consider H = (1, 2), (3, 4) and
, hence H is not connected. On the other hand, H ′ is connected since there is no finer partition of X which permits us to write H ′ as a product of connected H i .
An algorithm to test a group H acting on a set X for connectedness checks each non-trivial H-stable subset Y of X. If H is the direct product of its action on Y and its action on X \ Y then H is not connected.
In general a subgroup H ≤ Sym(X) is a product of connected subgroups H i ≤ Sym(Y i ). Sequence A000638 records the number of molecular species of degree n or equivalently the number of conjugacy classes of subgroups of Sym(n). Sequence A005226 records the number of atomic species of degree n or equivalently the number of conjugacy classes of connected subgroups of Sym(n). These sequences are related by the Euler Transform.
The Euler Transform
If two sequences of integers {c k } = (c 1 , c 2 , c 3 , . . .) and {m n } = (m 1 , m 2 , m 3 , . . .) are related by
Then we say that {m n } is the Euler transform of {c k } and that {c k } is the inverse Euler transform of {m n } (see [1] ). One sequence can be computed from the other by introducing the intermediate sequence {b n } defined by
Then
where µ is the number-theoretic Möbius function.
There are many applications of this pair of transforms (see [10] ). For example, the inverse Euler transform applied to the sequence of numbers of unlabeled graphs on n nodes (A000088) yields the sequence of numbers of connected graphs on n nodes (A001349). To understand how Formula 5 can be used to count connected graphs we note that the coefficient of x n in the expansion of the product on the right hand side of Formula 5 is
where
denotes the number of a i -element multisets chosen from a set of c i objects. On the other hand, an unlabeled graph on n nodes, as a collection of connected components, can be characterized by a pair (λ, (C 1 , . . . , C n )) where λ = 1 a 1 , 2 a 2 , . . . , n an is a partition of n and C i is a multiset of a i connected unlabeled graphs on i nodes, for 1 ≤ i ≤ n. If c i is the number of connected unlabeled graphs on i nodes then, by Formula 8, m n is the total number of unlabeled graphs on n nodes.
In the same way, the inverse Euler transform of A000638 (the number of conjugacy classes of subgroups of S n ) is A005226, (the number of connected conjugacy classes of subgroups of S n ) as formalized in the following Lemma.
Lemma 10.
There is a bijection between the conjugacy classes of subgroups of S n and the set of pairs of the form (λ, (C 1 , . . . , C n )) where λ = 1 a 1 , 2 a 2 , . . . , n an is a partition of n and C i is a multiset of a i conjugacy classes of connected subgroups of S i for i = 1, . . . , n.
Proof. Given a representative H of the conjugacy class of subgroups [H] ∈ Sub(S n )/S n we associate a pair (λ, (C 1 , . . . , C n )) to H as follows. Write H = H k where each H k is a connected subgroup of Sym(Y k ). Then X = {1, . . . , n} = Y k . Recording the size of each Y k yields a partition λ = 1 a 1 , 2 a 2 , . . . , n an . For 1 ≤ i ≤ n, C i is the multiset of S i -classes of subgroups H k with |Y k | = i. Bijectivity follows from the fact that conjugate subgroups yield the same λ and since H g = H g k , conjugate subgroups yield conjugate C i .
Counting Connected Subgroups of the Alternating Group
In Section 4 we noted that molecular species correspond to conjugacy classes of subgroups of Sym(n) and that atomic species correspond to conjugacy classes of connected subgroups of Sym(n) in the sense of Definition 1. In this Section we will count connected conjugacy classes of subgroups of the alternating group, up to S n conjugacy and A n conjugacy.
S n -Orbits of Subgroups of the Alternating Group
In order to count the number of S n -conjugacy classes of subgroups of the alternating group we introduce the following notation. Let B = {H ≤ S n : H ≤ A n and R = {H ≤ S n : H A n }.
Then Sub(S n )/S n = B/S n ⊔ R/S n and B/S n is the set of S n conjugacy classes of subgroups of the alternating group. The set R/S n is the set of conjugacy classes of subgroups of S n which are not contained in A n . Table 12 illustrates both of these sequences together with the numbers of conjugacy classes of subgroups of S n and A n . In order to count the number of connected S n -conjugacy classes of subgroups of A n we apply the inverse Euler transform to the sequence |B/S n | in Table 12 , to obtain A218968 : 1, 0, 1, 3, 4, 12, 12, 65, 58, 167, 198, 1207, 1178.
We can also count the number of connected conjugacy classes of subgroups of S n not contained in A n (i.e. corresponding to R/S n ) by subtracting the sequence above from A005226 to obtain A218969 : 0, 0  2  2  1  1  1  3  4  2  2  2  4  11  5  5  6  5  19  9  9  10  6  56  22  22  34  7  96  40  37  59  8  296  137  112  184  9  554  223  195  359  10  1593  430  423  1170  11  3094  788  780  2314  12  10723  2537  2401  8322  13  20832  4558  4409  16423   Table 12 : Red and Blue Subgroups of S n
Connected Subgroups of the Alternating Group
Every subgroup of A n is either connected or not connected with respect to the set {1, . . . , n} and shares this property with all subgroups in its A n -conjugacy class. So we wish to count the number of A n -conjugacy classes of connected subgroups of A n . Unfortunately, the Euler
Connected Partitions
The number of conjugacy classes of cyclic subgroups of S n equals the number of partitions of n. The inverse Euler transform of this sequence yields the all ones sequence. This does not count the number of conjugacy classes of connected cyclic subgroups of S n since the direct product of cyclic groups is not necessarily cyclic. Remark 2. There are two sequences in the encyclopedia which are quite similar to this sequence. Sequence A018783 counts the number of partitions of n into parts all of which have a common factor greater than 1. Sequence A200976 counts the number of partitions of n such that each pair of parts (if any) has a common factor greater than 1. For n ≤ 13, sequence A218970 above differs from both of these sequences when n = 1, 11, 13.
Concluding Remarks
The sequences presented in this article have been computed using GAP. A GAP file containing the programs can be found at www.maths.nuigalway.ie/~liam/CountingSubgroups.g. The GAP table of marks library Tomlib can be found here [11] and is a requirement for computing many of the sequences presented. It is worth pointing out that Holt has determined all conjugacy classes of subgroups of S n for values of n up to and including n = 18, (see [5] ). The majority of the sequences presented in this article rely on the availability of the table of marks of S n and so we restrict our attention to n ≤ 13. We are grateful to Des MacHale for suggesting many of the sequences that we compute in this article. We thank the anonymous referees for helpful suggestions.
